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Abstract :A two-dimensional numerical model to study the performance of anode-supported flat-tube solid oxide fuel

cell (SOFC) for the cross section of the cell in the flow direction of the fuel and air flows is developed. In this

model a mass and charge balance, Maxwell-Stefan equation as well as the momentum equation by using, Darcy’s

law are applied in differential form. The finite element method using FEMLAB commercial software is used for

meshing, discritization and solving the system of coupled differential equations. The current density distribution and

fuel consumption as well as water production are analyzed. Experimental data is used to verify a predicted voltage-

current density and power density versus current density to judge on the model accuracy. 
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1. Introduction

A single tubular SOFC is viewed as a two-dimensional axial-

symmetric one is studied by Pei-Wen Li et al.1) In this

research model is assumed that the heat and mass species do

not exchange in between one cell and its neighboring cells.

A most important result obtained by this model, that the two

ends of fuel cell have a relatively low temperature, while the

hotspot locates closer to the closed end of the cell tube when

the operating current density is low with increasing current

density, the hotspot shifts to the open-end side of the cell. A

three-dimensional numerical model to simulate the heat/mass

transfer and fluid flow of flat-tube high power density

(HPD)-SOFC is developed by Yi Xin LU, et al.2) In part II

of this study which was carried out by Yi Xin LU and

LauraSchefer3) they studied the cell performance and stack

optimization. The effects of the stack chamber number, stack

shapes, and other stack geometry features on the perfor-

mance of the flat-tube HPD SOFC were investigated. The

main important results were obtained are the performance of

a flat-tube HPD SOFC is better than a tubular SOFC with

the same active cell surface, and the increasing the number

of chambers number can improve the overall performance of

a flat-tube HPD SOFC. J.R. Ferguson et al4) presented a

three-dimensional mathematical model of a solid oxide fuel

cell. The mathematical model which was developed is based

on a local balance approach, and the finite volume method.

In this work different SOFC geometries, such as planar,

tubular, and cylindrical ones were compared and cross-

counter- and co-flow designs for a planar cell geometry was

found that the counter-flow was optimal (for using hydrogen

as a cell fuel). David J. Hall and R. Gerald Colclaser5) devel-

oped a computer model for simulating the transient operation

of a tubular solid oxide fuel cell. The model included the

electrochemical, thermal and mass flow elements that effect

SOFC electrical output. Roberto Bove et al6) presented a

review of the most significant SOFC models and then the

possibility of their use in a macro-model is evaluated. They

concluded that different results can be generated according to

the assumptions made when adapting micro-model equations

to a macro-model. A quantitative analysis of the differences

between macro-and micro-model was performed and the reli-

ability of the model was estimated. In the present work a

two-dimensional model is developed to study the perfor-

mance of SOFC anode supported tube. Mass balance, by

using Maxwell-Stefan equation is used for gas mixture,

hydrogen and water in anode and oxygen and nitrogen in a

cathode. Momentum equation, Darcy’s law is used to study

the flow in porous media. Ionic and electronic current bal-

ance by using conductive media DC equation has been done.

2. Model Description

The governing equations which will be used to study mass

transport and electrochemical reaction in SOFC are as fol-

lows:

1. Mass balance, Maxwell-Stefan equation will be used at

the two electrodes, cathode and anode

2. Momentum equation, Darcy’s law applied to study the

flow in porous media, cathode and anode

3. Ionic current balance in electrolyte by using conductive

media DC equation

4. Electronic current balance in cathode and anode by

using conductive media DC equation

Fig. 1 shows the cross section of unit cell used in this
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study (not to scale) 

The mass balance at steady state in the macroscopic struc-

ture is according to the following equation:

(1)

For species i = N2, O2 in the cathode and,

            i = H2, H2O in the anode.

Where Ni denotes the flux vector and Ri denotes the con-

sumption term. For nitrogen (N2), the consumption term Ri is

equal to zero. The flux vector is given by Fickean formula-

tion, obtained from Maxwell-Stefan equations, so that the

following equation for mass balance was obtained:

 in the two electrodes

(2)

Where ρ denotes the density of the gas in cathode (air), and

in anode (0.97 H2 and 0.03 H2O), ω i is the mass fraction for

species i, Dij is the effective Maxwell-Stefan diffusivities (m2

s-1), Mj is the molar mass for species j (kg mole-1), and M is

the total molar for the gas mixture.

The density of the oxidizer (air) in the cathode can be cal-

culated as follows:

(3)

(4)

Where Patm denotes the atmospheric pressure (Pa) 

The Maxwell-Stefan diffusivities can be described for cath-

ode and anode with an empirical equation as showed by

Wesselingh,7) based on kinetic gas theory as follows:

(5)

For the gas mixture in the cathode i denotes to oxygen and

j for nitrogen while the gas mixture in the anode i is used for

hydrogen and j for water. 

Where KD is constant, Vi denotes the molar diffusion volume

of species i (m3 mole-1)

The molar diffusion volume (Vi ) for simple molecules are

used as by Perry.8)

In the porous cathode and anode, the effective binary dif-

fusivities depend on the porosity (ε), of the two electrodes

according to:

(6)

The balance of the current induced by the migration of

oxide ions and hydrogen ions in the two electrodes can be

written as:

(7)

Where Ki denotes the ionic electrode conductivity (S m
-1),

φi is the ionic potential (V) and Q is the current source term,

as shown by Kim9) can be defined according the Tafel equa-

tion as follows:

(8)

Where io,elc is the exchange current density for reaction (Am-2)

in electrodes (cathode or anode), Xj is the actual concentration

of oxygen (cathode) and hydrogen (anode) respectively and

Xj-o is reference concentration of oxygen in air and hydrogen

in fuel, φe and φi are the electronic potential and ionic potential

(V) respectively, Sa is specific surface area (m
2 m-3).

The consumption term can be calculated as follows:

(Oxygen reduction) (9)

 (Hydrogen oxidation) (10)

(Water formation) (11)
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Fig. 1. Cross section of a unit cell.
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The exchange current density for the reaction can be com-

puted as follows:

(12)

(13)

Equation [12],[13] were used in several papers; the values

used for the above parameters varied and are summarized in

Table 1 below:

In the electrolyte the reaction term Q is eliminated and

then equation [7] becomes as follows:

(14)

Where the ionic conductivity Ki (S m
-1) can be calculated

as described by Ferguson4) as follows:

(15)

The electronic conduction at the two electrodes is defined

as follows:

(16)

(17)

Where the electronic conductivities of the two electrodes

can be calculated as follows:

For the anode two equations could be used, where the for-

mulas dependent on the cell temperature as follows:

(18)

(19)

The equation [18] for anode conductivity was used by P.

Li1), Bessette13), and Massardo14), while Ferguson4) used for-

mula of equation [19].

For the cathode three different equations were used in the

literatures to calculate the cathode conductivity, equation [20]

was used by P. Li1) and equation [21] was used by Campa-

nari10), Bessette13), Massardo14) and Costamagna15), while

Ferguson4) used formula of equation [22].

(20)

(21)

(22)

The momentum equation for flow in porous media, Darcy’s

law will be used, which states that the velocity vector is deter-

mined by the pressure gradient, the fluid viscosity and the

structure of the porous media as follows:

(23)

Where Kp denotes the permeability of the porous media

(m2), µ is the fluid viscosity (kg m-1 s-1), P is the pressure

(Pa), and  is the velocity vector (m s-1).

The Darcy’s law application mode combines with continuity

equation as follows:

(24)

And substitute  from equation [23] in equation [24] we

have the following:

(25)

And by using equation of state or ideal gases  and

at the steady state we have the following:

(26)

The permeability (Kp) of the porous media can be calcu-

lated as shown by Jin Hyun Nam16) as follows:

(27)

Where Kk constant value is 5, for our case the porosity of

anode (0.4), the permeability Kp value is 3.95e-13 m
2.

2.1 Boundary Conditions 

Both of Dirchlit and Neumann boundary conditions at dif-

ferent physics mode will be used in this study as following: 

2.2 Darcy’s law boundary conditions

P = Po Pressure conditions (28)

 An impervious or symmetric boundary condition

(29)
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Table 1. Parameters used in equations [12],[13]

γcat (Am
-2) γan (Am

-2) Eact,cat  (KJmole
-1) Eact,an  (KJmole

-1) m Reference

7.0e9 7.0e9 120 110 1.0 [10]

7.0e8, 7.0e9 5.7e7,2.9e8,5.5e10 160,120 140,120 0.5,1.0 [11]

7.0e8 5.5e8 120 100 1.0 [12]
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 Specific flow perpendicular to the boundary

(30)

2.3 Maxwell-Stefan equation boundary conditions

ω=ωo For given mass fraction (31)

  For given flux (32)

   For insulation/symmetry (33)

2.4 Conductive media DC application boundary con-

ditions

-n . J = Jn For inward current flow (34)

-n . J = 0 For electric insulation/no current across 

the boundary (35)

V = Vo For electric-potential (36)

The above boundary condition specifies that the normal

components of electric current are continuous across the inte-

rior boundary.

3. Results and Discussion 

Fig. 2 demonstrates the comparison of detailed-CFD calcu-

lations and an experimental data (voltage) and cell power

density of an anode-supported tube SOFC at 750oC operating

temperature done at Korean Institute of Energy Research

(KIER). The fuel composition is 97% H2, 3% H2O and air is

used as oxidant. As shown in Fig. 2 good agreement between

the calculated results compared with the measured results for

the cell voltage and cell power density is obtained.

Fig. 3 shows a two-dimensional cross section model for a

Kp
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Fig. 3. Current density distribution in a SOFC-Anode supported tube at voltage difference between the two current collectors 0.65 V.

Fig. 2. Comparison of calculated and measured cell voltage of
anode-supported tube SOFC versus cell current density.
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unit cell of anode-supported tube SOFC with a relatively high

electronic conductivity. It is known that the current density

distribution is one of the important design issues in fuel cells.

As observed from the graph the current density is greater at

the air inlet, where the oxygen concentration is the highest,

and therefore provides better oxygen transport, while at he

end, the current density is smaller because the fuel concen-

tration is decreases. 

Fig. 4 illustrates the weight fraction distribution of hydro-

gen in the anode at different current collectors’ potentials

0.45 and 0.75 V. As shown at both potentials the higher

hydrogen weight fraction value is obtained at lower left

boundary (gas inlet) while the lower value is found at higher

right corner of the anode. It is observed that the difference

Fig. 4. Weight fraction distribution of Hydrogen in the anode at 0.45 and 0.75 cell potentials.
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between maximum weight fraction consumption of hydrogen

at cell voltage 0.45 V is about 38%, while at cell voltage

0.75 V is about 32%.

Fig. 5 demonstrates the weight fraction distribution of

water produced in the anode at different current collector’s

potentials 0.45 and 0.75 V. As shown the lower cell potentials

is higher current density consequently higher hydrogen con-

sumption and higher water production.

4. Conclusions

Two-dimensional detailed-CFD cross section model for a

unit cell of anode-supported tube SOFC has been developed to

study the cell performance. Comparison between detailed-CFD

Fig. 5. Weight fraction distribution of water in the anode at 0.45 and 0.75 cell potentials.
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calculations and an experimental data showed remarkable

agreement for a polarization curves and cell power density

versus cell current density. Dimensions and properties of the

cell components are strongly affect on the performance of

SOFC, so this type of modeling can help designers and

developers to overcome certain limitations through simple

design changes. In addition to current and potential distribu-

tions, the temperature distribution is also an important way

to predict cell components material integrity and corrosion.

For future work, energy equation (temperature parameter)

will be added to the two- or the three-dimensional models to

obtain a more complete picture of unit cell’s performance

and operating characteristics. 
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